A merging of two coe;'isting phase·locked chaotic attractorsinto one phase·unlocked chaotic attractor occurs in the region where two Arnold tongues overlap each other. This merging is studied in terms of a weighted average A(q), (-00 < q < 00) of the coarse·grained local exp<;lnsion rates A of nearby orbits with a q·dependent weight. Just before the merging, each of the two coexisting attractors has local structures similar to that of the attract or of the logistic map F(x)=1-2x (k=l, 2). A theory of the q·phase transitions is proposed. Just after the merging, the phase·unlocked attract or has a singular local structure,and A(q) exhibits a new discontinuous transition from Al to A2 at q=q,=l.O due to the intermittent hopping motions between two repellers with A"'" Al and A"'" A z. These features of the attractors just before" and after the merging are quite universal and can be summarized in terms of linear parts of the expansion-rate spectrum h(il). § 1. Introduction
The dynamical systems which have two fundamental frequencies arise from various physical systems,I),2) e.g., periodically-forced pendulum, Josephson junctions, charge density waves, the Belousov-Zhabotinskii reaction, etc. Fluids confined in finite containers, such as Rayleigh-Benard convection and Couette-Taylor vortices, also bring about two-frequency systems under appropriate conditions.I),2) Such twofrequency systems exhibit a great variety of bifurcations, resulting in fascinating chaotic attractors.
The structures of chaotic attractors are built up by the expanding and folding processes of chaotic orbits, which can· be described by the Poincare maps on the transverse section of chaotic orbits in phase space. The most useful model for the Poincare maps of the two-frequency systems in three-dimensional phase space is provided by the dissipative standard maps which are maps of an annulus to itselC) In the limit of strong dissipation, these maps are reduced to the one-dimensional sine-circle maps,4) which share the same universality class with the dissipative standard maps in many respects.
One of the most interesting problems of the two-frequency systems is to clarify how a phase-locked ~tate with a constant ratio of the two frequencies bifurcates into a phase-unlocked state. The phase lo~king can extend beyond the onset of chaos. Therefore the problem is to clarify the bifurcation of a phase-locked chaotic attractor into a phase-unlocked chaotic attractor. As its most interesting example, we shall study a merging of two coexisting phase-locked chaotic attractors into one phaseunlocked chaotic attractor by taki~g the sine-circle maps. This is an attractormerging crisis. 5 ) Recently it has been indicated theoretically and experimentally that the structures of chaotic attractors can be characterized by the generalized dimensions D(q), (-00< q< (0) and the singularity spectra f(a) of the natural invariant measures. 1l ,6)-8) It has also turned out theoretically that D(q) and f(a) are closely related to the q-weighted average A(q) of the coarse-grained local expansion rates A of nearby . orbits along the local unstable manifold and their spectrum h (A) so that the structures of chaotic attractors can also be characterized by A(q) and h(A).9)-1l) Indeed, as will be shown in the present paper and separate papers/ 2 )-14) the singular local structures of the chaotic attractors at the bifurcation points produce linear parts in h(A) which bring about discontinuous phase transitions of A(q) as q is varied, so that their different phases represent different local structures of the chaotic attractors.
In the present paper, we shall discuss the attractor-merging crisis in the sine-circle maps, and show that the crisis causes singular local structures which produce linear parts in h(A), bringing about discontinuous transitions of A(q) just before and after the crisis.
In § 2, the phase-locking structures of the sine-circle maps are reviewed/
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) and interactions between two coexisting attractors are discussed. In § 3, we introduce a q-weighted average An(q) of the coarse-grained local expansion rates for chaotic orbits of length n and related quantities, following the thermodynamic formalism of dynamical systems.7)-10),16 H O) Then it is pointed out that, as q is varied, A,,(q) exhibits discontinuous transitions at certain values of q. In § 4, results of numerical computations of An(q) and (]n(q) = -dAn/dq just before and after the attract ormerging crisis are presented, and a phenomenological theory of the q-phase transitions is proposed. The last section is devoted to a short summary and some remarks. § 2. Overlapping of Arnold tongues and merging of two coexisting attractors into one attractor
As a typical example for the maps of a circle [0,1] to itself, we consider the following two-parameter families of maps, called the sine circle maps:
with t=O, 1, 2, "', where Q and K are control parameters. These maps can be obtained by reducing the two-dimensional annulus maps for the polar coordinates on the Poincare sections of two-dimensional tori. One of the most important quantities for such two-frequency systems is the ratio of the two frequencies. For the maps of a circleto itself, the ratio is given by the rotation number p(80) defined by
for an initial point 80, where [8t+ ! -8t ] denotes the difference between 8t +l and 8t taken before taking modulo in (2'1). For an ergodic attract or, p(80) is independent of 8 0 for almost all 80 within its basin of attraction. p+ and p-are defined by -, p+ ] is called the rotation interval.
l5 )
In the Q-K parameter space, the region in which the rotation interval contains a rational number p/q is called the p/q-Arnold tongue and is denoted by A p1q. Figure   1 shows simultaneously destroyed by crises, as shown by the arrow in Fig. 2 . Then a phaseunlocked state is obtained. The phase diagram of the sine circle maps for a few rotation numbers is shown in Fig. 3 , where Kc=3.40573, .Qc=0.21388 . In the shaded region, two attractors with rotation numbers 0/1 and 1/2 coexist. Figure 4 shows the bifurcation diagram and the rotation number p along the path shown by the arrow in Fig. 3 , where .Q=.Qc. For K <Kc, there are shown a two-band attractor with p=1/2 and a one-band attractor with p=O/l. For K> Kc, the two attractors are simultaneously destroyed and merge into one phase-unlocked attractor.
The first and second iterates of the map at K = Kc are shown in Fig. 5 . They have boxes, each of which has an extremum and a fixed point on the boundary, representing a fully developed chaotic state. For K < Kc, the extrema lie inside the boxes and the fixed points disappear. Then the orbits are confined into the boxes as seen from Fig. 4 , although the orbits with p=1/2 oscillate between the two boxes of j(2)(e). For K> Kc, the extrema go outside the boxes and the orbits come to hop among the three boxes and spread over a wider phase-unlocked attractor, as seen from At K = Kc, the map takes the form shown in Fig. 5 Fig. 2 . In the present paper, we shall investigate the critical attractors at K = Kc ± 0 qualitatively and quantitatively. § 3. q-weighted averages and q-phase transitions
In order to study how to characterize local structures of the chaotic attractors at the attractor-merging crisis, we review the spectrum h(A)9),17),18) and related quantities which are used in the following sections, and discuss a discontinuous transition of the q-weighted averages.
For a chaotic orbit {8m}, (m=O, 1, 2, ... ) on a chaotic attractor generated by the sine-circle maps (2 ·1), let ;\( 8m) be the local expansion rate, i.e., ;\( 8m) = logl/'( 8m)l. Following FujisakaZl) we define the coarse-grained local expansion rate 9 ),IO),19)-Z3) (3·1) for large n, where j<n)(80) denotes the nth iterate of /(80). This rate takes different values between a maximum value Amax and a minimum value Amin with Amax > 0 > Amin, depending upon the initial point 80. The probability density for An( 80) to take a value around A is given by
where a(g) is the a-function of g and < ... > denotes the long-time average
We assume that the attractor is ergodic. Then, in the limit n- HYO , An(80) gives the positive Liapunov exponent A'" which is independent of 80 for almost all values of 80 within the basin of attraction of the attractor. This limit, however, is taken after the limit N -4 (X) in (3·3) is taken so that the fluctuations of An( 80) around A'" are explicitly extracted. Then the large deviation theoryZ4) indicates that the probability density (3·2) takes the scaling form lO ),19),z0)
for n -4 00, where ¢(A) ~ ¢(A "') = 0 and ¢(A) is a concave function of A which can have a linear part even with zero slope. 16 ) The q-weighted averages can be introduced systematically by the thermodynamic formalism of dynamical systems.7)-10),16)-ZO) Following this, we introduce the partition function
and the temporal scaling exponents 
={l/Zn(q)} fdA peA; n) A} , (3·7b)
= {n/Zn(q)} fdA peA; n) {A -An(q») 2exp{ -n(q-1) A}.
Since An'(q)sO, An(q) is a non-increasing function of q. Cfn(q) is the q-weighted variance of fluctuations of An(8o) around AnCq). We have An(oo) = Amin, An ( -(0) = Amax. These functions will turn out to be useful for describing singular local structures of the critical attractors at crises, and are called the dynamic structure functions. In the limit n -+ 00, (/)n( q) is related to Fujisaka's exponent Aq for the time series A(8 m ) by (/)",(q)=(q-1)AI_q.2l) Let us insert (3·4) into the integral of (3·5). Then for n-+ oo , the integral is dominated by the typical value A(q) of A which minimizes the potential
for given q. Therefore we have, for n-+ 00 ,9),IO}, 17}-20} (
where h(A)=A -¢(A) and h'(A)=q. Therefore, the spectrum h(A) can be defined from (/)",(q) by the Legendre transformation.
The two spectra ¢(A) and h(A) are thus equivalent to each other, and both are often used. SH4 }, [17] [18] [19] [20] In the following, we shall mainly use ¢(A).
As pointed out in the previous paper,9} the singular local structures, such as the extrema and the fixed point at the corner of the logistic map at a certain value of the control parameter, lead to discontinuous transitions of A", (q) ) is given by Al for q < qt and A2 for q > qt. Then, as q is increased through qt, A",(q) exhibits a discontinuous transition from Al to A2 at q=qt with a discontinuity L1=AI-A2. The variance Cf",(q) diverges at the transition point qt. The situation is formally similar to the thermodynamic first-order phase transitions of ferromagnets, where A, (l-q) and Cf",(q) correspond to the magnetization m per spin, the magnetic field H and the magnetic susceptibility x(H) per spin, respectively. Such transitions are called q-phase transitions. The transitions can be sharp only in the temporal coarse-graining limit n-+ oo , since singularities can occur in the dynamic structure functions only in this limit. Different phases of a q-phase transition represent different local structures of the chaotic attractor. Fig. 7 and n=20, N=5X 10 5 in Fig. 8 , N being the number of systems taken in the ensemble average (3·3). Figures 7(c) and 8(c) show that the variance 6n(q) has two peaks at q=qa~2.0 and q=qp~O.O, indicating that two q-phase transitions occur at q=qa and q=qP. Indeed, the largest-term approximations (3·11), shown by the crosses x in Figs. 7(b) and 8(b), clearly exhibit discontinuous transitions at q=qa and q=qp. Figures 7(a) and 8(a) show that ¢(A) has remarkable linear parts on both sides of its minimum at A=Akoo, (k=l, 2). These linear parts lead to the two q-phase transitions at q=qa and q=qp in the following manner. 
. an ( The left linear part of ¢(A) is created by the extrema of the map whose neighborhood produces negative values of An (Bo) . This leads to a q-phase transition whose transition point is qa=2. This can be seen in the following manner. Let us take a one-dimensional map Xm+1=F(xm) which has a zth order extremum at x=O, (z>l); namely, F(x)~l-alxlz around x=o. Let us assume that this has an ergodic invariant measure, and consider a set of orbits of length n, each of which once and only once visits the neighborhood of the extremum at the ith iterate and has a value A of An(8o). Then we have
where 0 is the distance from the ith iterate to the extremum. The term logIF'(o)1 is the contribution from the neighborhood of the extremum and A(n, i, 0) is the contribution from the rest. As compared with logIF'(o)l, A(n, i, 0) may be regarded as independent of o. Since IF'(o)lcx:oz-I, (4'2) leads to
o(A, i)cx:exp[{l/(z-l)}{nA -(n-1)A(n, i)}] . (4'3)
In order to ensure the existence of such orbits, A must be smaller than some value Ac. Let the invariant probability density be nearly flat around x=o. 
where A=limn~oo mini{A(n, i)}. The equality in (4·5) can be concluded if the contribution to ¢(A) from the other kind of orbits is negligible. At least for A:::;; 0 the above condition is satisfied and the equality holds if the map is expanding except around the extremum. Then the fluctuation spectrum ¢(A) has a linear part with slope -1/(z-l) , (z>l) so that (3 ·15) leads to the transition point
Sa=

qa=1 +{I/(z-I)}=z/(z-l) .
(4·6)
In the present case, we have z=2 and hence qa=2. 
where 8(i) is the distance from x=O to the ith iterate and r(8) is the characteristic time of escape from the neighborhood of the fixed point. Since r(8)cc -logI81/log IF'(O)I, (4·8) leads to
where Amax=logIF'(O)1 > A(n, i). In order to ensure the existence of such orbits, A must be greater than some value Ac. Then the probability for the appearance of such orbits with A?=A is proportional to 18(A, £)Ia and is given by ,u(A?=A)~~ exp [ -na{A-A(n, i) 
where N=limn~oo maxi{A(n, i)}. If the equality in (4·11) holds for some range of values of A, then the spectrum ¢(A) has a linear part with slope
so that (3 ·12) leads to the transition point
where we have assumed AD~Aoo. For the logistic map F(x)=1-2x2, we have a =1/2, Aoo=log 2, Amax=log 4, and hence (4 ·13) leads to qp=O in agreement with the exact result.
)
In the present case, we have a=1/2, A1oo=0.690, Amax=1.148, qp=0.026 for the attractor with rotation number 0/1, and A2°O=0.343, Amax=0.706, qp=0.028 for the attractor with rotation number 1/2. These results agree with the values of qp obtained from Figs. 7 and 8 for K=Kc-O. In this numerical computation, the number N of systems in the ensemble average 
. un(q) \ : =4.08 X 10-\ 61 and 6z denoting the distance from Gi!l and CiJz, respectively). In both cases, (jn(q) has a sharp peak at q=qr~1.1, and the largest-term approximation of An(q) exhibits a discontinuous transition from AI~0.73 to Az~0.38 at q=qr. In Fig. 9 (a) with n=20, ¢n(A) has two local minima at Al and A z, representing the two repellers RI and Rz discussed in § 2. This is because n is small compared with the mean lifetimes rk, (k=l, 2) for a chaotic orbit to stay in the repellers R k. In Fig.  10(a) with n=100, ¢n{A) becomes a concave function, since the intermittent hopping motions between the two repellers are sufficiently taken into account. However, since the number N of systems in the ensemble average is not large enough compared with the magnitude of n, the qa-phase transition at q=2 does not appear.
The probability for a chaotic orbit to stay in the repeller Rk by n-steps is given by (4'14) for large n, where <n>= rk.
For a set otc:haotic orbits of length n which stay in R k, let us also consider the probability density~for An(eo) to take a value around A, and denote its scaling exponent by ¢k(A). Then, since Pk(n)~ fdA exp{ -n¢k(A)}, we have where Ak gives the minimum position of ¢k(A). These situations are illustrated in Fig. l1(a) . For small n, peA; n) is dominated by the motions confined in one of the two repellers, as seen from Fig. 6 (c). Then ¢n(A) has double minima. As n is increased, the hopping motions between the two repellers begin to dominate peA; n). Then ¢n(A) becomes a concave function.
As K ~ K c, the mean . lifetimes Tk diverge. Hence, for K = Kc + 0, 
for (4·16)
as shown in Fig. 11(b Fig. 12 , where n=100, N=107. (Jpn(q) has a sharp peak at q=l, and the largest-term approximation of Pn(q), shown by the crosses, clearly exhibits a discontinuous transition from p=1/2 to p=O/l at q=l. These results indicate that a q-phase transition also occurs for the coarse-grained local rotation number at K = Kc + 0, representing the intermittent hopping motions between the two repellers with rotation number 0/1 and 1/2. § 5. Summary and some remarks
The merging of two coexisting phase-locked attractors into one phase-unlocked attractor is ubiquitous phenomena of the two-frequency systems. Indeed, 'such an attractor merging occurs whenever two Arnold tongues with nearby rotation numbers overlap each other, as shown in Fig. 2 . In the present paper, we have taken the simplest example, i.e., the merging of two attractors with rotation numbers 0/1 and 1/2 in the sine-circle maps (2·1). This merging occurs at Kc=3.40573, .Qc=0.21388 in the phase diagram (Fig. 3) . As the rotation numbers of two Arnold tongues are closer, their overlapping occurs at smaller K. Figure 13 shows the overlapping of crisis two Arnold tongues with rotation numbers 1/3 and 2/5 and the path along which two attractors with rotation numbers 1/3 and 2/5 merge into a phaseunlocked chaotic attractor. This merging occurs at Kc=1 .. 503018, Qc=0.385383. The chaotic attractors just before and after such mergings have been shown to have singular local structures which produce coherent large fluctuations of the coarse-grained local expansion rates A. These coherent fluctuations lead to remarkable linear parts of the spectrum ¢(A) defined by (3·4). Indeed, as shown in Figs. 7(a) and 8(a), just before the mergings, ¢(A) has two linear parts on both sides of its minimum whose slopes are given by (4·6) and (4·12). Just after the mergings, ¢(A) has a flat bottom (4 ·16), as shown in Fig. l1(b) . These linear parts of ¢(A) lead to q-phase transitions for the q-weighted averages (])oo(q), Aoo(q) and 6oo(q) defined in § 3. Their transition points qa, qp and qr and their mechanisms have been described in § 4. Thus it has turned out that the q-phase transitions are useful for characterizing singular local structures of the critical attractors at the crises.
The phase-unlocked states just after the mergings also have a singular spectrum of the coarse-grained lbcal rotation numbers Pn( 80), which is most clearly manifested in the q-weighted average Pn(q), as shown in Fig. 12(b) . Namely, as a result of the mergings of two attractors with different rotation numbers, Pn(q) exhibits a discontinuous transition between the two values at q = 1, describing the large fluctuations of the rotation numbers. In this case, the rotation interval [p-, P+] is not a point, but P-and P+ are approximately givenby poo(q=oo) and poo(q=-oo), respectively.
The attractor-merging crises are universal phenomena. Indeed, the similar types of crises occur in the two-dimensional standard maps, as will be discussed in a separate paper.
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Then singular local structures of critical attractors are produced by the accumulation of homoclinic tangency points to unstable periodic points.
An interesting bifurcation from a phase-locked state to a phase-unlocked chaotic state also occurs along two other special paths in the parameter space. One is the path, along which two attractors are simultaneously destroyed by a crisis and a saddle-node bifurcation. The other is "the path, along which two attractors are simultaneously destroyed by saddle-node bifurcations. 25 ) The q-phase transitions for these two bifurcations will be reported elsewhere. 
